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1. Introduction
The existence of classical real normal modes in damped linear vibrating systems was
investigated by Caughey and O’Kelly [1]. According to them the necessary and sufﬁcient
condition for a damped system governed by the equations of motion:
½I f. xðtÞ gþ½ A f. xðtÞ gþ½ B fxðtÞg ¼ ffðtÞg ð1Þ
to possess classical real normal modes is given by the theorem:
Theorem 1. System (1) possesses classical normal modes if, and only if, the matrices [A] and [B]
commute, i.e., ½A ½B ¼½ B ½ A :
Liang et al. [2] have questioned, on the basis of two examples, the classiﬁcation of damped
systems into proportional and non-proportional systems based on the Caughey and O’Kelly’s
criterion. According to them ‘‘few of usrealized that us ing the formula ½A ½B a½B ½A  (in the
present notation) to classify the vibration systems into two categories is misleading.’’ If this is true
then the classiﬁcation of non-conservative systems into proportionally and non-proportionally
damped systems in accordance with the Caughey and O’Kelly’s criterion needs to be modiﬁed.
The purpose of this article is two-fold. Firstly, to address the issues raised in Ref. [2] on the
classiﬁcation of damped systems and secondly to place Caughey and O’Kelly’s theorem in context
with other well-known theoremsin linear algebra on the s imultaneousdiagonalization of two real
symmetric (complex Hermitian) matrices using a real, non-singular orthogonal (complex unitary)
transformation matrix. Before addressing the issues raised in Liang et al., it is worthwhile to recall
relevant theoremsfrom linear algebra.
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Theorem 2. The conditions which must be satisﬁed in order that two given quadratic expressions:
a11x2
1 þ a22x2
2 þ ? þ 2a12x1x2 þ ?;
b11x2
1 þ b22x2
2 þ ? þ 2b12x1x2 þ ?
may be simultaneously reducible to the form
a11z
2
1 þ a22z
2
2 þ ? þ annz
2
n;
b11z
2
1 þ b22z
2
2 þ ? þ bnnz
2
n
are that the elementary divisors of the determinant jarsl   brsj are linear, where ars and brs are the
elements of the matrices [A] and [B], respectively.
The above theorem is the well-known theorem of Weierstrass developed in 1858 [3]. This
theorem isextended to Hermitian complex matricesby Kronecker [4]. Rao and Mitra [5, Chapter
6] have discussed several equivalent theorems for the simultaneous diagonalization of a pair of
Hermitian matrices. The theorem concerning the simultaneous diagonalization of two hermitian
matricesis :
Theorem 3. Let [A] and [B] be hermitian matrices of order n. Then there exists a unitary matrix [U]
such that [U]
*[A][ U] and [U]
*[B][ U] are diagonal if and only if [A] commutes with [B]. In the later
case [A][ B] is Hermitian and [U]
*[A][B][U] is also diagonal. Where ()
* is a complex conjugate
transpose operator.
Another important theorem concerning the simultaneous diagonalization of any number of
Hermitian matricesisdue to Rao and Mitra [5, Theorem 6.2.8, p. 124] which states:
Theorem 4. Let [Ai]( i ¼ 1; 2; y; k) be hermitian matrices of the same order. There exists a unitary
matrix [U] such that [U]
* [Ai][ U] is diagonal for each (i ¼ 1; 2; y; k), if and only if [Ai] commutes
with [Aj ] for each i and j.
However the above theorem doesnot guarantee, in general, a real orthogonal trans formation
matrix [U]. For real symmetric matrices the analogue to Theorem 4 is Theorem 1.3.19 in Ref. [6]
which, for real symmetric matrices, states:
Theorem 5. Let [Ai]( i ¼ 1; 2; y; k) be real, symmetric matrices of the same order. There exists a
real orthogonal matrix [U] such that [U]
T [Ai][ U] is diagonal for each (i ¼ 1; 2; y; k), if and only if
[Ai] commutes with [Aj ] for each i and j.
According to the above theorem the necessary and sufﬁcient conditions for a viscously damped
system governed by the matrices [M] (mass), [K] (stiffness) and [C] (damping) to be simultaneously
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½M ½K ¼½ K ½M ;
½C ½K ¼½ K ½C ;
½M ½C ¼½ C ½M : ð2Þ
The proofsfor the above theoremsare not furnis hed here. For the detailed proofsthe reader is
encouraged to consult Refs. [3–5]. With a bit of algebraic manipulation Caughey and O’Kelly’s
condition [C][ M]
 1 [K]=[K][ M]
 1 [C] can be derived from the commutativity relationsin Eq. (2).
Two more equivalent conditions: [K][ C]
 1 [M]=[M][C]
 1 [K] and [C][ K]
 1 [M]=[M][K]
 1 [C] can
also be derived, provided of course the inverses [C]
 1 and [K]
 1 exist. However, the conditions
given in Eq. (2) are only sufﬁcient for real diagonalizing matrices, i.e., violation of conditions in
Eq. (2) does not preclude the existence of real modes. In other words, systems that satisfy
conditions in Eq. (2) automatically satisfy the Caughey’s condition but not vice versa. All the
above theorems conﬁrm the necessity and sufﬁciency of Caughey and O’Kelly’s conditions for
simultaneous diagonalization of two real matrices by a real orthogonal matrix. It is also worth
noting that these theorems are known to mathematicians since the original work of Weirestrass in
1858! However, the successful application of these results to vibrating systems was ﬁrst made by
Caughey and O’Kelly [1].
With thisbackground, return now to the examplescited by Liang et al. in [2].
3. Examples
The ﬁrst example given by Liang et al. is the case when the matrices in Eq. (1) are taken to be
½A ¼
2:2493 0:8883  0:5744
0:8883 1:9462 0:6535
 0:5744 0:6535 2:3045
2
6 4
3
7 5;
½B ¼
40:0440 6:6221 28:3472
6:6221 31:6503  29:3577
28:3472  29:3577 105:7054
2
6 4
3
7 5:
The above matricesdo not commute as
½A ½B ¼
79:6707 59:8731  23:0343
66:9839 48:2950 37:1233
46:6524  50:7751 208:1302
2
6 4
3
7 5a½B ½A :
Since the two matricesdo not commute Caughey and O’Kelly’stheorem s aysthat we cannot
ﬁnd a real orthogonal matrix that can diagonalize both [A] and [B] simultaneously. Since
the matricesdo not commute it isnot proportional either. However, the eigenvectorsof the
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½U ¼
1:0000 1:0000 1:0000
 1:3361 þ 0:0059i 0:7928   0:0000i  0:9599 þ 0:0683i
 0:7312 þ 0:0576i  0:0809 þ 0:0000i 2:9538 þ 0:6692i
2
6 4
3
7 5:
It was pointed by Liang et al. that the existence of a real mode (in the second column of [U]) even
when the damping is non-proportional as per Caughey and O’Kelly’s classiﬁcation, i.e., the two
matricesdo not commute, begsthe ques tion: how isan individual mode inﬂuenced by damping?
One also wonders what is meant by ‘‘proportional’’ damping and whether such a concept has any
physical meaning. The above example shows that even though the damping is non-proportional
one or more modescan be real. If it isunders tood that all the modesof a proportionally damped
system are real, not just one or a few modes, then Caughey and O’Kelly’s classiﬁcation is not
violated in the above example since the complex modes are found in the damped system. In fact
Caughey and O’Kelly’scriterion ismore concerned with the entire modal matrix [ U] rather than
the individual modes/column(s). Proportionality is an assumption made for mathematical
convenience. Looked from this view point, a damped system is proportional only when there is
one real matrix that can simultaneously diagonalize all the three system matrices in Eq. (1).
The second example given by Liang et al. is
½A ¼
3:0237 0:1470  0:3429
0:1470 3:9130  2:1304
 0:3429  2:1304 7:9708
2
6 4
3
7 5;
½B ¼
43:3203 1:9902  4:6437
1:9902 55:3646  28:8501
 4:6437  28:8501 110:3150
2
6 4
3
7 5:
In the above case [A][B]a[B][A]. However Liang et al. neglected the roundoff errors.
Furthermore, this system has two identical natural frequencies (6.5574332 and 6.5574355).
According to perturbation theory [7], the complex modes of a viscously damped system are related
to itsundamped modesby the relation
f% ug
ðnÞ ¼f ug
ðnÞ þ i
X
kan
onC0
knfug
ðkÞ
ðo2
n   o2
kÞ
; ð3Þ
where f% ug
ðnÞ isthe nth complex mode, {u}’sare the undamped modes , o’sare undamped natural
frequenciesand [ C0] isthe damping matrix in modal co-ordinates , i.e., C0
kn ¼f ug
ðkÞ
T
½C fug
ðnÞ: In
the current example [C0]=[U]
T [B][ U]i salmost diagonal:
½C
0 ¼
3:0000 0:0001 0:0000
0:0001 3:0000  0:0000
0:0000  0:0000 8:9075
2
6 4
3
7 5:
However, since two natural frequencies are very close the factor 1=ðo2
n   o2
kÞ becomesextremely
large and consequently the imaginary part in Eq. (3) becomes quite sensitive to roundoff errors.
Thus it is not surprising to see complex modes in the damped system.
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is ignored. It is a common experience that added damping in a structure does not have the same
effect on all the modes. Some modes get damped more than the others. The clues to this
mysterious behavior lie in the spatial distribution of damping sources in a structure. This issue is
discussed in detail in Ref. [8]. Another important and practically relevant issue of the
measurability of complex modes, almost taken for granted in analytical studies on damping,
was also addressed.
4. Conclusion
General theorems concerning the simultaneous diagonalization of two real symmetric matrices
using a real orthogonal transformation matrix are presented to place the Caughey and O’Kelly’s
theorem on classical normal modes in damped linear dynamic systems in context. It was also
brought to attention that equivalent theorems similar to Caughey and O’Kelly’s existed in linear
algebra since the works of Weirestrass. The examples given by Liang et al. are shown to be
inadequate to modify Caughey and O’Kelly’s classiﬁcation of damped systems. The classiﬁcation
of damped systems into proportional/non-proportional systems based on Caughey and O’Kelly’s
criterion still remains valid if proportional damping ismeant to convey that all the modesof the
damped system are real, not just one or a few and that all the three system matrices are
simultaneously diagonalised by the same transformation matrix. In thiscontext, it can be noted
that the criterion proposed in Ref. [2] isdifﬁcult to verify in practice asdamping hasvery s mall
inﬂuence on the magnitude of the eigenvalues.
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